INTRODUCTION
The problem of evaluating changes in ground-water heads, groundwater flow, and bank storage caused by flood waves in surface streams and reservoirs arises in hydrologic problems. The shapes of the stage hydrographs that accompany flood waves vary widely and depend upon the characteristics of the drainage basin, the areal and temporal distribution of the storm or snowmelt, and the rating curve of the stream at a given section. However, the shapes of many flood-wave stage hydrographs may be approximated by one of the family of asymmetric curves defined by (l cos at), when Q<t<r when t>r 343 where h0 is the maximum rise in stage, t is the time since the beginning of the flood wave, T is the duration of the wave,
is a constant that determines the degree of asymmetry, te is the time of the flood crest, and
is a constant that serves to make the curves of the family peak at the same height h0. Curves corresponding to 5=« and 5=0 are shown in the inset of figure 105. For 5=0 the curve is sinusoidal. Equations are derived for the changes in ground-water heads, ground-water flow to the stream, and bank storage caused by the stage oscillation described by equation 1. It will be assumed that the stream channel fully penetrates the aquifer and has vertical banks. For unconfined aquifers it will be assumed further that the slope and fluctuations of the water table are small in comparison to the thickness of the saturated zone, so that the transmissibility remains practically constant in space and time, and that the stream does not overflow its banks. An initially horizontal water table is assumed without loss of generality since, under the preceding assumptions, the results to be obtained may be superposed on the initial condition. Finally, it will be assumed that the changes in ground-water head are due solely to changes in the stage of the stream; this means that the storm or snowmelt is assumed to occur in some part of the drainage basin that is upstream from the section with which we are concerned. 
CASE FOR «>0

GROUND-WATER HEADS
Two solutions are required, one for t<r and one for t>r. The problem for t< r is described by The function /(p) has simple poles at p= 8±iu, p= 5, and those values of p for which cosh /Vp/<J = 0-The latter values are given by
The residue at p S-\-iu is Res cosh q-g)( } 2 cosh [lV(-*+*«) and that at p= 8 iu is
By adding equations 8 and 9 and simplifying, it may be shown that
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The residue at p= 5 is
and the residue at ^?= (2n l) 2a is
With the substitution a=7T2cr/4Z2 in the quantities under the square root radical, equation 16 reduces to
Substituting from equations 10, 15, and 17 into equation 6, one finds the solution for t<r to be
Introducing the dimensionless parameters jS=a/co=7ro-r/8Z2, i7=5/jSco, one can write solution 18 as
where A and 0 are as defined hi equations 11 to 14, except that equations 14 are now written
The solution for t>r must satisfy equation 2 and the conditions
where the right side in equation 2 la is the result obtained by substituting t r in solution 19. The solution for t>r may be found from these conditions. However, it may be found more readily by using the principle of superposition. When applying this principle, one recognizes that the stage hydrograph described by equation 1 may be considered as consisting of two components, one beginning at t=0 and continuing for all positive t, and another of equal magnitude but of opposite sign beginning at t r. Thus, equation 1 may be written 
By the principle of superposition the solution h is the sum of the two solutions hi and h2 corresponding, respectively, to the components ifti(i) and fa( ,-
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This is identical with the result obtained by substituting t r in equation 19, and hence condition 2la is satisfied by solution 26.
GROUND-WATER FIOW INTO STREAM
Under the assumptions previously stated, the ground-water flow per unit length of stream in the direction of increasing x is, according to Darcy's law, Q T(c)h/<)x). Hence the flow per unit length into the stream is
By differentiating equations 19 and 26 with respect to x, setting x=Q, and substituting the results in equation 29, the equations for the flow per unit length of stream are found to be
-. ^-» (33) smh 26 a sm 2aJ and a and 6 are as defined in equation 14 or 20.
BANK STORAGE
The bank storage per unit length of stream at time t is defined by dL (34)
For t<r this is 
,^ tan =5+,^ cos ^B sin ,= -^ fj h _ (39) From the series expansion , >o 8x ianX= £i (2n-l)V-4rf (Peirce, 1956, p. 104) , In their present forms, the solutions 19, 26, 30, 31, 43, and 45 are not defined for values of 8=f3u(2n I) 2, corresponding to 77= (2% I)2, rfc=l, 2, 3, . . ., because the terms that contain trigonometric functions of (?rV»7/2) and the summed terms, which contain [if (2n I) 2] as a factor in the denominator, become infinite for these values. To avoid this difficulty, alternate forms of the solutions will be obtained.
GROUND-WATER HEADS Equation 4 may be written
Here, the first quantity in braces is the Laplace transform of the derivative of the function It is analogous to a solution given by Churchill (1944, p. 196) for the temperature change in a wall whose face x l is insulated'andVhose face x=Q is kept at unit temperature if the initial temperature is zero. Also, it is equivalent to the complement of a solution by Glover (see Dumm, 1954, eq. 2) for the position of the water table in an aquifer bounded by two parallel drains after a sudden rise of the water table due to recharge. By using equations 46, 47, and 48, ht <r is obtained by convolution. Thus,
J 0
Performing the indicated integration in equation 49, one finds h l <r=Nh( > \(1 -cos «9«-*«« -T] jr-Ur sin [(2n-l)*x/2l]
,_m cos - (50) Here, the only term that contains 17 (2n I) 2 as a factor in the denominator is the first term in the brackets. By 1'Hospital's rule of limits
)» 17 (2n l) z Therefore, in performing the summation indicated in equation 50, this term should be assigned the value indicated in equation 51 for the value of n such that 17 (2n 1) 2 =0. It may be noted in passing that equations 49 and 50 are identical to the result obtained by using'the first part of equation 1 and equation 48 in the formula of Duhamel (see Sneddon, 1951, p. 164 
Where r <1, the first summation is empty and is interpreted as zero.
GROUND-WATER FLOW INTO STREAM
By substituting from equation 40 and by resolving the summed term into partial fractions, one can write equation 30 in the form
where the first summed term is given the value indicated in equation 51 for n such that rj (2n 1 If the stage of the stream were to continue to oscillate according to (V2)(l cos co£) for f>r, equations 61, 63, and 65 would apply for all positive t. In this case the last term within braces in each equation representing the transient effect produced by starting the oscillation at t=Q would die away as t became large. The remaining part of each equation is the steady-state periodic solution, which is an oscillation of frequency w.
SEMI-INFINITE AQUIFERS, 5 = 0
Where there is no valley wall, the geometry of the aquifer is that of the half plane x>Q. For this type of aquifer, we will obtain solutions only for the case of 5=0 in equation 1, so that the stage hydrograph is the sinusoid defined by . f(/i0/2)(l cos ut), when 0<t<r ,-1N
A laboratory investigation of the movements of ground water in the semi-infinite aquifer that would be caused by the stage oscillation described by equation 71 has been made by Todd (1955) . Todd observed the changes in head in a Hele-Shaw channel caused by oscillations of various amplitudes and periods in a connecting reservoir and constructed from them curves representing the water table, ground-water flow, and bank storage.
GEOUND-WATEE HEADS
The problem is described by the conditions The solution of the transformed problem is
The inverse transforms of the two terms in brackets are listed by Erdelyi (1954, p. 245, 246) . From the inverse transforms the solution for t<r is found to be 
Here, the empty product, which occurs when n=l, is interpreted as unity. For values of ut such that (2w£ 47r)>l, the first term, which contains the finite sum, constitutes an asymptotic expansion of equation 78 by Poincar^'s definition (Jeffreys, 1956, p. 499) . Hence, by dropping the integral term from equation 89 and adding a finite number of the terms within the braces, one can compute Q to any desired degree of accuracy provided the value of ut is sufficiently large. The asymptotic expansion can be written in the convenient form [l-^ l ;+: 3.5.7
, __3 ^ } 3-5-7 3-5-7-9-11 3.5.7.9-11
For (2d)t 4?r)>l the terms in each series will decrease to a minimum and then increase, and hence the two series are not convergent. However, because the series are alternating the magnitude of the error incurred in terminating the summations while the terms are still decreasing will be less than that of the first term neglected. For any given value of a>t the maximum accuracy will be attained by terminating the summation with the smallest but one of the terms, and from this fact one can determine the least value of w£ for which the asymptotic expansion gives the desired degree of accuracy. 
COMPUTATIONS AND DISCUSSION
Shown in figures 102 and 103 are computed curves representing, respectively, the ground-water flow and the bank storage caused by the sinusoidal stage oscillation described by equation 1 when 5=0. The curves for /3>0, corresponding to aquifers of finite widths, were computed from equations 63 and 65 for t<r and from equations 64 and 66 for t>r. Those for the semi-infinite aquifer (|8=0) were computed from equations 81 and 86 for t<r and from equations 82 and 87 for t>r. From these curves one may find the ground-water flow and bank storage for any combination of values of the parameters h0, T, S, w, and I that corresponds to 1 of the 7 values of |8 for which curves are given, including the limiting case of the semi-infinite aquifer for which /3=0.
As figure 103 illustrates, the bank storage in finite aquifers declines very rapidly when |8 is large and declines slowly when |8 is small. For |8>5, almost all the bank storage will have returned to the stream after one flood-wave period (£=r); for |8>0.5, almost all of it will have returned after two flood-wave periods. (A value of 0=0.4 would correspond, for example, to T= 10,000 square feet per day, $=0.10, r=10 days, and £=1,000 feet.) On the other hand, in semi-infinite aquifers the bank storage declines very slowly, as shown on figure 103 and in the following table.
Bank storage in semi-infinite aquifers, 5=0 tlr
The remaining bank storage after 10 flood-wave periods is 13.9 percent of the maximum, and that after 100 periods is 4.3 percent. The values for large t in this table were computed from the asymptotic expansion 91.
In figure 104 the shape of the computed bank-storage curve for the semi-infinite aquifer is compared with that of the curve obtained by Todd (1955) from his model study. The two curves should not agree exactly because the thickness of the saturated zone was allowed to vary in Todd's model, whereas this thickness is assumed to remain constant in the derivation of the analytic solution. Also, Todd's curve was constructed from the results of 14 experiments in which ho and T were varied, and in combining the results into the composite curve, Todd assumed that V varies as the first power of T, basing this assumption on figure 2 of his paper, which is a plot of Vm&K versus h0T. Although the points of this plot are somewhat scattered, he considered that a linear relationship was reasonably well established. The analytic solution indicates, however, that V varies as the one-half power of T, and the scattering of Todd's data is practically eliminated when one plots Vmax versus JIQT/T. To illustrate the effect of asymmetry in the stage oscillation, curves representing the ground-water flow and bank storage for 8=w, /3=0.1 are compared with those for 8=0, /3=0.1 in figures 105 and 106.
